INTERNATIONAL BACCALAUREATE
MATHEMATICS
Higher Level

Wednesday 14 May 1997 (morning)
Paper 2

M97/510/H(2)

_ 2 hours 30 minutes

This examination paper consists of 2 sections, Section A and Section B.
Section A consists of 4 questions.

Section B consists of 4 questions.

The maximum mark for Section A is 80.

The maximum mark for each question in Section B is 40.

The maximum mark for this paper is 120.

This examination paper consists of 12 pages.

INSTRUCTIONS TO CANDIDATES

DO NOT open this examination paper until instructed to do so.

Answer all FOUR questions from Section A and ONE question from
Section B.

Unless otherwise stated in the question, all numerical answers must
be given exactly or to three significant figures as appropriate.

EXAMINATION MATERIALS

Required/Essential:

IB Statistical Tables
Millimetre square graph paper
Electronic calculator

Ruler and compasses

Allowed/Optional:

A simple translating dictionary for candidates not working in their own language

227-282



_2_ ' M97/510/H(2)

FORMULAE

Trigonometrical identities: sin(r + B) = sina cos B + cos asin 8

cos(c + B) = cosacos B —sinasin B

tanca +tan §

tan(x + p) =
(@+h) l-tanatan

. . .o+ o -
sing +sin 8 = 2sin zﬁcos 2ﬂ

sina—sinﬁ:Zcosa;ﬂsina;ﬂ

o+ p ‘a—ﬁ

cos¢ +cos B = 2cos 5 cos 5

a+ﬁsinﬁ—a

cosa —cos B = 2sin 5 5

c0s20 =2cos’0—1=1-2sin’0 = cos? @ —sin §

2
If tang =t thensin @ = 2 > andcos @ = t2
2 1+¢ 1+¢
dv du
Int tion by parts: u—dx =uv- |v—dx
egration by parts f Ix .
. dx 1 X
Standard integrals: 5>— = —arctan—+¢
' x‘+a a a
dx . X
f =arcsin—+c¢  (|x|<a)
;aZ _ x2 a
Statistics: = If (€A . x,) occur with frequencies (fi+f35-..,f,) then the mean m and

standard deviation s are given by

-
m= % s= |Hlx=m i=1,2,...n
%f; %f;

Binomial distribution: Dy = (n) pl-p)™, x=0,1,2,...,n
x
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A correct answer with no indication of the method used will normally receive no marks. You are
therefore advised to show your working.

SECTION A

Answer all FOUR questions from this section.

1. [Maximum mark: 17]

() (@ Draw a diagram showing the region R bounded by the curve
y =sin x, the x-axis and the linesx =0and x=k,0<k<m. [1 mark]

(b) Calculate the area of the region R. [2 marks]

(c) Calculate thé volume of the solid obtained by rotating the region R
through 360°-about the x-axis. [4 marks]

(i) An accounting firm randomly selects three employees from ten applicants
to attend a convention. Six of the applicants are men and four of them are
women. Assume X is the number of women selected and that each
selection is independent of the others. Find the expected value, E(X), and
the variance, Var(X) . [4 marks]

(iii) On average, 10% of light bulbs manufactured by a company are defective.
Use the normal approximation to the binomial distribution to determine
the probability that more than 12% of a random sample of 200 bulbs are
defective. [6 marks]

2. [Maximum mark: 18]

() A rubber ball is dropped from a height of 81 metres. Each time it strikes
the ground it rebounds two thirds of the distance through which it has
fallen.

(a) Find the maximum height of the ball between the fifth bounce and the
sixth bounce. [3 marks]

(b) What is the total distance travelled by the ball from when it is dropped
to the time it strikes the ground for the sixth time? [4 marks]

(c) Assume that the ball continues to bounce indefinitely. What is the total
distance travelled by the ball? [3 marks]

(i) The sum of the first three numbers in an arithmetic sequence is 24 . If the
first number is decreased by 1 and the second number is decreased by 2,
then the third number and the two new numbers are in geometric sequence.
Find all possible sets of three numbers which are in the arithmetic
sequence. [8 marks]
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3.  [Maximum mark: 20]

(a)
(b)
©

(d

©)
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- - - -
The line L, is parallel to the vector » =3 i+ J+3k and passes through the
point (2, 3, 7). Find a vector equation of the line.

The equation of a plane, E, is given by 2x + 3y—4z+ 21 =0. Find the
point of intersection of the line L, and the plane E.

Find the equation of a plane which passes through the point (1, 2, 3) and
is parallel to the plane E .

The parametric equations of another line L, are
x=t,y=t,andz=—¢,—w0<t<oo,
Show that
() L, is not parallel to L,;
(ii) L, does not intersect L, .
Let O be the origin and P be the point (— 1, 2, 4).
(1) Find a vector w which is parallel to the line L,.
(i) Find the vector P—O)

(i) Find the shortest distance d between the lines L, and L, by using the
formula

- 5 5
g |PO-xw) |

- -
v xw|
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[3 marks]
[3 marks]

[3 marks]

[4 marks]

[7 marks]




4. [Maximum mark: 25]
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(i) Let A=(21 ‘1).

(a)
(b)
©

0

Calculate 42 and A43.
Conjecture a matrix for 4”7, ne N*, in terms of 7.

Use mathematical induction to prove your conjecture in part (b).

(i) The diagram shows the graph of the function y = f(x), where

ax+b
ex?+dx+e

f(x)=

with f(—%] =0, f0) = % The lines x = —4, x = —1 and the x-axis are

all asymptotes.

(a)
(®)
©

(d

(©

AV

=
1l
|

N

Using the information given, find the values of a ,b,c,dand e.
Find the intervals for which f'(x) < 0.

Using the values of a, b, ¢, d and e found in part (a), express f(x) in
partial fractions.

Prove that (——;—,OJ is a point of inflexion.

Find the intervals for which f"(x) >0 .

M97/510/H(2)

[2 marks]
[ 3 marks]
[5 marks]

[4 marks]
[3 marks]

[3 marks]

[3 marks]
[2 marks]
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SECTION B
Answer ONE question from this section.

Abstract Algebra

5. [Maximum mark: 40]

(1) Let R* be the set of real numbers excluding 0. A binary operation # on R*
is defined by a#b = b|a|, where | a| is the absolute value of a .

(a) Is the set R* closed under this binary operation? Justify your answer. [2 marks]
(b) Prove that # is'an associative binary operation on R*. : [2 marks]
(©) Find all nuriibers k in R* so that k#a = a [2 marks]
(d) Lef aé R*. Corresponding to each k obtained in part (c), find all

numbers me R* so that a#tm = k . [2 marks]
(¢) Does (R*, #) form a group? Justify your answer. » [2 marks]

(f) Consider (S,#) where S = {re R|x<0} and # is the binary
operation defined above. Prove that (S, #) is a group. [3 marks]

(i) Let (G, ) be a group.
(@) Leta, b, cbe elements of G. Prove thatif aeb =g e c , then b =c. [4 marks]
(b) Prove that the group (G, ) has exactly one identity. [3 marks]

(¢) Prove that each element of the group (G, *) has exactly one inverse. [3 marks]

(This question continues on the following page)
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(Question 5 continued)
(iii) (a) Define a cyclic group and the term ‘generator’ of a cyclic group.

(b) Let H be the set {a, b, c, d} and let = be the binary operation on H
as given below.

* a b c d
a a b c d
b b c d a
c c d a b
d d a b c

Assummg associativity of the binary operation * on H, prove that
(H , =) is a cyclic group.

(c) Find the two generators of (H , *) .
(d) Find all proper subgroups of (H , *) .

(¢) Can the group (H, x) have a subgroup of order 3? Give a reason for
your answer.
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[4 marks]

[5 marks]
[2 marks]
[3 marks]

[3 marks]
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Graphs and Trees

6. [Maximum mark: 40]

(1) Consider the following graph.

€
v v e
1 2 4
é;
e
1
€s
e v oV
6 3 4 .V,
€

(a) Write down the adjacency matrix of the graph above.
(b) Write down the incidence matrix of the graph above.

(c) How many ways are there to go from v, to v, traversing exactly four
edges, not necessarily distinct?

(Example: v, , ¢, , V35 €55 V3s €5 V), €5, V,)

(d) What is an Eulerian circuit? Does the above graph contain an
Eulerian circuit? Justify your answer.

(¢) What is a Hamiltonian circuit? Does the above graph contain a
Hamiltonian circuit? Justify your answer. '
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[3 marks]
[3 marks]

[4 marks]

[3 marks]

[3 marks]

(This question continues on the following page)
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(Question 6 continued)

(i) In the graph below, the vertices represent towns in a mountainous region,
and the numbers on the edges represent the costs (in hundreds of thousands
of dollars) of building roads between the towns. Where there is no edge

connecting two vertices, a road connecting those two towns was judged not
feasible.

By using Prim’s algorithm for obtaining a minimal spanning tree, draw a
graph which represents the least expensive road network for the region
starting from the town 4. The network should be such that it is possible
to travel between any two towns of the region, possibly passing through
other towns on the way, using the roads of the network.

(iii) (@) Prove that the sum of the degrees of vertices of a simple graph is'equal

(b)

) (2)
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(b

©

to twice the number of its edges.

Let each set of natural numbers {3, 3, 2,2,2,2,2,2, 1} and
{2,2,2,2,1, 1} represent the degrees of the vertices of a graph.
Either draw a simple graph for each given degree sequence or explain
why such a graph is not possible. '

(Note: A simple graph is a graph with no loops or multiple edges)

Define an isomorphism between two graphs.

Prove that if two graphs are isomorphic' and one of them has a cycle of
length k then the other graph must have a cycle of length k .

Determine whether the following two graphs are isomorphic. Give a
reason for your answer.

M97/510/H(2)

[8 marks]

[3 marks]

[4 marks]
[3 marks]

[3 marks]

[3 marks]

Turn over




Statistics

~-10-

7. [Maximum mark: 40]

@

(ii)

(iif)

(iv)
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On a weekday morning a certain telephone switchboard receives an average
of twenty five calls during a five minute period. Find the probabilities that

(a) the switchboard will receive at least one telephone call between 10.31
and 10.32 next Thursday morning;

(b) the switchboard will receive either two or three telephone calls between
10.31 and 10.32 next Thursday morning.

A mathematics cdurse is taught by three instructors, X, Y and Z. The
table below gives the numbers of students failed by each instructor.

Numbers of students

X Y zZ Total
Passed 50 47 56 153
Failed 5 14 8 27
Total 55 61 64 180

The headteacher claims that the proportions of students failed by the three
instructors are the same. Test this claim carefully and give your
conclusions for significance levels of both 10% and 5%.

A certain company uses a machine to produce washers of thickness
0.50 mm. To determine whether the machine is in proper working order, a

-random sample of 10 washers is chosen which has a mean thickness of

0.53 mm and a standard deviation of 0.03 mm.

Test the claim of the machine supervisor that the machine is in proper
working order, using a significance level of 5%.

A sample poll of 100 voters chosen at random from all voters in a given
district showed that 55% of them were in favour of a particular candidate.

(a) Find 95% confidence limits for the proportion of voters in favour of
the candidate.

(b) How large a sample of voters should be taken in order to be 95%
confident that the candidate will be elected if 55% of the sample are in
favour of the candidate?
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[3 mafks ]

[3 marks]

[14 marks]

[10 marks]

[10 marks]




Analysis and Approximation

8. [Maximum mark: 40]

(i) (a) Estimate the value of f

0

1

11— M97/510/H(2)

e” dx by using the trapezium rule with

4 equal sub-intervals. " [4 marks]
(b) What is the maximum error of your estimate? [4 mdrks ]
(i) Giving appropriate reasons, determine whether the following series
converge or diverge. (Include the name of the test used to arrive at each
answer.)
(a) Zk(—) [4 marks]
=1 \2
(b) i 10 [4 marks]
o kink
- k
© X [4 marks]
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k=1

-(This question continues on the following page)
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(Question 8 continued)

(iii) (a) Let z a. be a series of non-negative terms and suppose that f(x) is a
k=1

continuous monotonic decreasing function for x =1 such that

fk) =aq, for all ke N*. Let S, denote the partial sum Zak for
k=1
ne N*

Deduce, with the aid of the diagram below, that

GQ+a+..+a, le fdxsaq+a+..+aqa,,.

[4 marks]
(b) Deduce further that
fl f(x)dx < S, $fl Sf(x)dx +q .
Use this to show that the sum of the first ten thousand terms of the
- 1
series Z}; is between 9.21 and 10.21 . [8 marks]
k=1
(iv) Suppose that f(x) is continuous on the interval 3 < x < 7 and differentiable
on the interval 3<x<7. Suppose further that f(3)= —16 and
|f'(x)|<4for3<x<7.
Use the mean value theorem to find bounds for f(x) on the interval
3sxs7. [8 marks]
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